Corticon - Making Change Possible
Decision Modeling Challenge February 2015

Use Case
How can a given amount of money be made with the least number of coins of given denominations?

Let S be a given sum that we want to achieve with a minimal amount of coins in
denominations of x1, x2, ..., xn. Here is a simple example: S is 123 cents, n is 4, x1 is 1 cent, x2 is
10 cents, x3 is 25 cents, and xn is 100 cents.

This seemingly simple problem turns out to be quite tricky in its most general form.
We’'ll present two approaches to this:

e The first makes a few reasonable assumptions about the data since we are trying to make
change for real people with real money — and this leads to quite a simple rule model that’s easy
to understand.

e The second shows a more generalized solution which requires more sophisticated rule modeling
techniques and more computing resources and is a little harder to understand but it can solve
scenarios that cause the simpler approach to fail.

Ultimately, to get a solution that works for all possible scenarios in a reasonable amount of time, one
would probably use a custom Constraint Solver product. However from the examples below we’'ll show
that Business Rules Engine is also able to solve such problems in a simple and elegant way.

Solution 1 - The Simple Approach

This solution employs the “Greedy Algorithm”. l.e. successively subtracting the largest coin that does not
exceed the amount remaining. http://en.wikipedia.org/wiki/Greedy algorithm

This has the advantage that it’s very simple — just two rules - and it will find the optimal solution for
normal currencies. However it is possible to choose coin values that will cause the greedy algorithm to
fail. For example if the sum of lower value coins exceeds a higher value coin or if there is no 1 coin. This
more complex case is discussed later. Normal currencies in use today are specifically designed to avoid
this problem as are all number systems (otherwise you’d find there were multiple ways to represent the
same number).

The solution presented here is implemented in Corticon using Extended Decision Tables (this is a basic
decision table supplemented by a SCOPE and FILTER section that defines the context in which the
decision table must be applied.

More details regarding Corticon features, functionality and concepts can be found in the online
documentation available at http://documentation.progress.com/output/ua/Corticon and in previous
challenges, especially the ““Vehicle Insurance — UServ Product Derby” from last December.



http://en.wikipedia.org/wiki/Greedy_algorithm
http://documentation.progress.com/output/ua/Corticon

Rule Flow

This pair of rule sheets is executed repeatedly.
This is indicated by the little arrow symbol.

The pair is repeated until no more rules fire. [

Repeat Until Amount Remaining is Zero

Ignore Any Coins That Are Too Large ]

[ Subtract Largest Coin From Amount Remaining ]

0
Vocabulary
The vocabulary is very simple.
A single object called Goal to hold the amount .
One or more objects called Coin to hold the values available for making E|§ Cain
change. L] yalue
EI@ Goal
] amount
Rule Sheets
Ignore any coins that are too large
Specification Implementation
Conddilions Conditions i

Iz there a coin with a value greater coin. value > Goal.amount T

than the amount remaining?

1

T

Actions 1 | Actions 4 |
Post Message(s) Post Message(s)

Ignore that coin coin. remove

Corticon naturally will apply rule 1 to ALL the coins that are in memory. The rule author does not need
to define any loops (as they might have to do in java). The .remove operator deletes the coin from
memory.

Subtract largest coin from amount remaining

Subtract the coin's value from the amount

remaining iGoal. amount -= coin.value

Conditions 1 it

Iz the amount remaining greater than zerao? T Conditions 1
Identify the largest remaining coin T Goal.amount > 0 T
Iz it less than or equal to the amount T coin.value = coin.value-=max T
remaining? coin.value <= Goal.amount T
Actions ;l_ Actions i I
[ e = Post Message(s) =]




The key to solving this challenge is the use of this expression:
coin.value = coin.value->max
It does something very powerful:
e The reference to coin means a specific coin in the collection of possible coins (as defined in the
input data).
e The second reference to coin means ALL the coins that are currently in memory, the ->max
operator finds the largest of them.

So the net result is that this statement identifies coin as the one with the largest value.
That particular coin is then used in the third condition to see if it’s less than or equal to the Goal
amount. If it is then it value is subtracted from the amount remaining.

The rule flow diagram allows this process to repeat. It stops when no more rules fire. And as long as we
have a 1 coin we are guaranteed a solution.

Test Case
Here is the test case referred to in the spec:

Input

=& Target [1]
| == amount [123]
=-E] Coin [1]
. =] value [1]
=& Coin [3

E v[alL]Je [10] e L ‘ e
R = Con (4 Info Use the 100. Remaining amount is 23
S , Info Use the 10. Remaining amount is 13
, = value [25] Info Use the 10. Remaining amount is 3
== Coin [6] Info Use the 1. Remaining amount is 2

== value [100] Info Use the 1. Remaining amount is 1

Info Use the 1. Remaining amount is 0

NOTE: It is possible for there to be no solution when there is no 1 coin.
For example to make 123 from 10s, 25s and 100s (no 1’s) this is the best we can do:



=& Target [1]
: = amount [123]
=-E Coin [3]
- value [10]
EJ @ Coin [4] S
- yalye [25] Use the 100. Remaining amount is 23
) @c«u[s] Use the 10. Remaining amountis 13
= value [100] Use the 10. Remaining amount is 3

But what about this test case:

= ETarget[n
= amount [123]
EI ECm [3]
- value [10]
EJ Ecm [4]
= value [25]
EI §Cur| (6]
= value [100]
EJ Ecnn [1]
] value [9] Use the 100. Remaining amount is 23
EI §Cun [2] Use the 10. Remaining amount is 13
- value [4] Use the 10. Remaining amount is 3

There is a solution 100, 10, 9, 4 but the simple “Greedy” rules as specified do not find it.

Can you see a way to deal with this problem?



Solution 2 -Improved and Generalized Solution

We can’t simply subtract the largest coin since that one may not be part of the final solution. We have
to try all possible combinations of coins in order to determine the smallest set. This is what makes this
scenario much more challenging (and therefore why currencies keep to the simple case)

In order to keep track of many possible combinations of coins at the same time we’ll employ a tree
structure.

Vocabulary [:I Smart Change
The approach we’ll take in this rule model is to start with the Goal EE Coin
amount and then build a tree structure that represents all the o yalue
possible ways that total amount can be constructed using the == Goal
various coin values. You can see we have modeled a recursive ~ § i = amount
structure in the vocabulary to accommodate the possible coin i = coinList
values we could use at each step of the process. It shows thata | L. = coinlJsed
Goal can have sub goals which themselves are Goals. . —€ subGoals (Goal)
=-E3 Problem
----- == availableCoins
""" B isSolved

Suppose the Goal is 6 and we have the following coins: 1, 3, 4. The Greedy Algorithm discussed earlier
will find 4, 1, 1 as a solution, but that’s not the best. In fact 3, 3 is the best.

E Goal [1]
..... == amount [] Goal [1] is the starting point with an amount of 6. The coinlList
----- B coinList ] attribute is empty because we haven’t yet chosen any coins.
I'_—'|<>— subGoals (Goal) [2]
- amount [3] Sub goals [2], [3] and [4] show the three possible choices of a
= coinList [ 3] first coin and the new amount that results from using that coin
o = coinUsed [3]

i (coinUsed attribute value). The coinlList contains just one coin at
E|<>— subGoals (Goal) [6]

------ | amount [0]

this stage.

/= coinlist [ 3 3]

...... =l coinUsed [3] Once the new amount reaches zero we have a solution.

[Fl-4— subGoals (Goal) [3]

. amount [5] Sub goal [2] (coin used =3, amount = 3) in turn has a sub goal [6]

= coinList [ 1] (also coin used 3, but now the amount is zero) and this solves the
- coinUsed [1] problem.
E|<>— subGoals (Goal) [5]
----- =| amount [4] Once we have a solution we can stop creating sub goals.

/= coinList [ 11]

------ = coinUsed [1]




The search tree can also be shown graphically:

Note Corticon is using a breadth first search which
means that at each level it tries every coin (with a
value less or equal to the current goal amount) before
moving to the next deeper level.

But because Corticon is free to pick the coins in any
order you may get different search trees each time
depending on the order chosen.

It’s not clear whether there is a best strategy for
choosing the order of the coins. | would be interested in
others’ opinions

Some searches will be quicker than others though
never deeper than necessary.

For example, in this case Corticon found a solution rather
quickly and so didn’t need to expand any more nodes:

In this test, more nodes were expanded before finding a
solution:




The Rule Flow

[ Make Change (Smarter Solution)

This solution also has two rule sheets.

Create Sub Goals

|

Display Best Result(s)

The first rule sheet generates the next set of sub goals
(one for each possible coin) for each current goal. It is
repeated until it can reduce the goal amount to zero.

So this time we are repeating a single rule sheet, not
the entire rule flow.

The second rule sheet simply displays that result.

Specification for Create Sub Goals rule sheet

Conditions 1| 2

PRECOMDITION: only execute this rule sheet if the problem has not been solved

FILTER.: ignore any coins greater than the current amount

RLLES:

Iz there a goal that has an amount of zera (means we are dong)? T F

Has this coin been used in a subgoal of this goal. - F

Actions 1 I

Post Message(s)

Mark the problem as solved

Create a sub goal with an amount reduced by the coin's value
Implementation

Scope

H-=1 Coin [coin]
#-1 Goal

-] Goal [anyGoal]
- Goal [thisGoal]
|:] Problem

Filters

17"E not Problem.isSolved =
2°F coin.value <= thisGoal . amount
3

0 = Im

m I=

Conditions I
anyGoal-exists(amount=0) T F
subgoal-=exists(coinlsed =coin. valug) - F

Actions 4 |

Post Message(s)

Problem.isSolved=T
subgoal +=Goal, newUnique[

amount=thisGoal. amount-coin. value,

coinlJsed=coin.value,
coinList= thisGoal.coinList + ' '+coin, value, toString]

Note: The first four lines of the natural language view are for documentation purposes (which is why
the actual rule conditions are e and f. The precondition is actually implemented in Filter #1 (notice the
little red decoration) and the filtering to ignore larger coins is implemented in filter #2



How it Works

Once rule 1 has fired (i.e. we have a goal with an amount of zero) we set Problem.isSolved to True and
then Corticon will stop repeating this rule sheet

Filter #1 (a precondition) prevents the rule sheet from executing once the problem is solved.

Filter #2 limits the coins considered by the rule sheet to those whose values are less that the current
goal amount. Effectively we create a subset of the coins.

Condition “e” checks if any goal exists with an amount of zero (which means we have a solution).
Condition “f” makes sure we don’t use the same coin more than once at each sub goal level.
Though the same coin can be used at a different level.

Action “A” sets the isSolved attribute that stops the rule sheet from repeating forever.
Action “B” creates a new sub goal and sets its specific attributes: the resulting amount, the coin used
and the list of coins used down to that sub goal.

Specification for Display Best Result(s) rulesheet
The result is displayed as a simple message:

Severity | Message | Entity
Info Best solution to make 11 using Coins: 314 is: 443 Goal[15]
Conditions 1] 1 .
a Make sure there are some coins T
Actions 1 |
Post Message(s) i
A Start with "Coins: *
B Add a list of all the coin values

Cverrides

D Rule Statements 23 | & Rule Messages ':,..' Matural Language [ Properties

Ref | ||| Text
1 Best solution for {start.amount} using {Problem.availableCoins} is {solution. coinList}

The message is generated using the rule statement which has embedded variables shown in {}

Implementation

Scope

J Coin . Conditions |1
J Goal [solution] a Problem.availableCoins < =null T
B-= Goal [start] i

H-E=] Problem

Actions 4 |

Filters Post Message(s) |
Problem.availableCoins ="Coins: '
Problem.availableCoins += "'+ Coin. value, toString

1%F | solution.amount=0
27 f start.amount=start.amount->max

m I



Corticon will automatically use all the coin values in action “B” (you don’t have to write an explicit loop)
Action “A” initializes the availableCoins so we can concatenate individual coin values in action “B”.

Filter #1 selects the Goal (alias solution) that solved the problem (so we can display coinList)
Filter #2 selects the Goal (alias start) that we started with (so we can display the starting amount)

The two aliases (solution and start) that refer to the same business object (Goal) needs some explaining.
This is part of the power of Corticon. It allows us to refer to two different items (or collections) within
the set of Goals.

The filter expressions define what goals belong to each alias. In this case there are two types of Goal
that are of interest:
o The firstis the starting goal — and this can be identified because it’s the one with the largest
value for amount. (start.amount=start.amount->max)
e The second is the solution goal which will have an amount of zero (solution.amount=0) and will
also contain in its coinlList attribute a list of all the coins that were used.

Test Case

In this case with target amount of 20 and coins 1, 3, 4 a solution is found after 142 combinations are
tried.

Info Best solution to make 20 using Coins: 134 i5:44444 Goal[142]

Increasing the target amount by just two causes the search to consider 433 possibilities before finding a
solution

Info Best solution to make 22 using Coins: 43 1is:434344 Goal[433]

What happens when there are two shortest solutions?
Let’s consider this scenario: obtain 6 using 1,2,3,4

Depending on the order Corticon happens to choose the coins at each level so it may find the 4-2 or the
3-3 solution. But since they are both 2 coins it doesn’t really matter.

If we wanted to find ALL solutions for the minimal number of coins then that would require a bit more
work. Instead of stopping immediately upon finding a solution we’d need to let Corticon try all the coins
at that level before stopping and then the Display rule sheets will list all solutions that resulted in zero.
Maybe we want to find a solution that has as many different coins as possible? i.e. avoiding repeats.

Conclusion

Most business rules engines can probably solve this problem, but as the gap between the goal amount
and the highest value coin increases, the number of combinations to be considered increases
dramatically — eventually exceeding the memory capacity of the computer.

A more sophisticated (and probably more complex) algorithm is probably going to be required to solve
the general case. At that point one should probably consider using a Constraint Engine. Maybe it’s
possible to use a combination of the Greedy and the Smart algorithms?
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